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ON THE KOLYVAGIN FORMULA FOR ELLIPTIC CURVES WITH
GOOD REDUCTIONS OVER PSEUDOLOCAL FIELDS
V. I. Nesteruk. On the Kolyvagin formula for elliptic curves with good reductions over pseudo-
local ﬁelds, Mat. Stud. 39 (2013), 16–20.
We consider the relationships between the local Artin map : K ! Gal(Kab=K) and the
Hilbert symbol (;): K=Km  K=Km  ! m for a general local ﬁeld, as well as between
the Tate pairing and the Weil pairing for elliptic curves with good reductions over pseudolocal
ﬁelds (complete discretely valued ﬁelds with pseudoﬁnite residue ﬁelds). It is known that the
Weil pairing f;g: E(K)m  E(K)m  ! m and the Tate pairing h;i: E(K)=mE(K) 
H1(GK;E(K))m  ! Z=mZ satisfy hc1;c2i = fe1;e2g, where E is an elliptic curve with good
reduction over local ﬁeld and  an appropriate mth root of 1. This is Kolyvagin’s formula. It is
proved that the same holds true for elliptic curves with good reductions over pseudolocal ﬁelds.
В. И. Нестерук. О формуле Колывагина для эллиптических кривых с невырожденными
редукциями над псевдолокальными полями / / Мат. Студiї. – 2013. – Т.39, №1. – C.16–20.
Установлена связь между локальным отображением Артина : K ! Gal(Kab=K)
и символом Гильберта (;): K=Km  K=Km  ! m для общего локального по-
ля, а также между спариванием Тэйта и спариванием Вейля для эллиптических кри-
вых с невырожденными редукциями над псевдолокальными полями (полными дискрет-
но нормироваными полями с псевдоконечными полями вычетов). Известно, что спари-
вание Вейля f;g: E(K)m  E(K)m  ! m и спаривание Тэйта h;i: E(K)=mE(K) 
H1(GK;E(K))m  ! Z=mZ удовлетворяют hc1;c2i = fe1;e2g, где E  эллиптическая кри-
вая с невырожденной редукцией над локальным полем и   подходящий корень m-ой
степени из 1. Это  формула Колывагина. Доказано, что это верно и для эллиптических
кривых с невырожденными редукциями над псевдолокальными полями.
The Artin map was ﬁrst introduced by E. Artin at the end of 20th and the bedinning
of 30th of the previous century. This map allows to describe the Galois groups of abelian
extensions in terms of objects, closely related to the basic ﬁeld in local case and to the
group of idele classes in global case. A signiﬁcant contribution to its study was done by E.
Noether, H. Hasse, R. Brauer, J.-P. Serre ([4]), I. Fesenko ([1]), J. Milne, M. Papikian. D.
Hilbert has deﬁned and investigated the norm residue symbol, which now is called the Hilbert
symbol. The Hilbert symbol (;): K=Km K=Km  ! m is a pairing. Several pairings
play an important role in mathematics and its applications, in particular, in cryptography.
M. Papikian ([3]) described the connections between the Tate pairing and the Weil pairing
for curves deﬁned over local ﬁeld. It is given by Kolyvagin’s formula hc1;c2i = fe1;e2g.
The aim of this work is to prove the relation (b)(a1=m) = (a;b)a1=m between the Hilbert
symbol (;): K=KmK=Km  ! m and the local Artin map : K ! Gal(Kab=K) in
2010 Mathematics Subject Classiﬁcation: 12G99, 14H05, 14H52.
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the case of a general local ﬁeld (complete discretely valued ﬁeld with quasiﬁnite residue ﬁeld)
and the relations between Tate pairing in elliptic curves with good reductions and between
Weil pairing in the case of such curves deﬁned over a pseudolocal ﬁeld (complete discretely
valued ﬁeld with pseudoﬁnite residue ﬁeld).
The proofs of formulas which describe these relations are based on the works of M. Papi-
kian [3] and J. Milne [2]. The relationship between Hilbert’s symbol and the local Artin map
is given for a general local ﬁeld. Using the work of M. Papikian [3], we prove the Kolyvagin
formula for elliptic curves with good reductions over a pseudolocal ﬁeld.
Let K be a general local ﬁeld, and k be a residue ﬁeld of K, K (resp. k) be the algebraic
closures of K (resp. k), K the multiplicative group of K, m a positive integer, (m;char(k)) =
1, m the group of mth root of 1 in K, GK = Gal(K=K) be the absolute Galois group of K,
Gk = Gal(k=k) the absolute Galois group of k. Let H2(GK;K

)m denote the subgroup
of elements in H2(GK;K

), whose order divides m, b Hn(:;:) the modiﬁed Tate cohomology
groups for any n 2 Z. Fix  2 GK and call  the Frobenius automorphism, denote it FrobK=K.
Assume m  K. From the exact sequence of GK-modules 0 ! m ! K
 m ! K

! 0 we
get the exact sequence of cohomology groups K m ! K ! H1(GK;m) ! H1(GK;K

)
m !
H1(GK;K

) ! H2(GK;m) ! H2(GK;K

)
m ! H2(GK;K

) ! ::: Hence, 0 ! K=Km !
H1(GK;m) ! H1(GK;K

)
m ! H1(GK;K

) ! H2(GK;m) ! H2(GK;K

)m ! 0: Hilbert’s
theorem 90 says that, H1(GK;K

) = 0. Thus
K
=K
m  = H
1(GK;m): (1)
The pairing H2(GK;m)  H0(GK;m) ! H2(GK;m 
 m) deﬁnes the isomorphisms
H2(GK;m)  m ! H2(GK;m 
 m) and
H
2(GK;m  m) ' H
2(GK;m) 
 m ' (Z=mZ) 
 m = m: (2)
Consider the pairing H1(GK;m)  H1(GK;m) ! H2(GK;m  m). Using (1) and (2), we
get the pairing a;b ! (a;b): K=Km  K=Km  ! m. This pairing is called the Hilbert
symbol.
For the Hilbert symbol (a;b) over a general local ﬁeld K the usual properties hold, in
particular, the bi-multiplicativity, the skew-symmetry, and the nondegeneracy: (a;b) = 1 if
and only if b is a norm from K[a1=m]:
The proof of these properties of Hilbert’s symbol is similar to the proofs in the case of
a local basic ﬁeld ([1]).
Lemma 1. Let k be a ﬁeld such that the group k=km is ﬁnite, and K is complete discretely
valued ﬁeld with the residue ﬁeld k. Then the group K=Km is ﬁnite.
Proof. Consider the commutative diagram with exact rows
0 // UK
m

// K
m

// Z
m

// 0
0 // UK // K // Z // 0;
(3)
where UK is the group of units in K and K multiplicative group of K. Apply the snake
lemma to commutative diagram (3). Then
0 ! UK=U
m
K ! K
=K
m ! Z=mZ ! 0: (4)18 V. I. NESTERUK
Let U
(1)
K be the group of units in K, congruent with 1 by modulo of prime element. Consider
the ﬁltration UK  U
(1)
K  U
(2)
K  U
(3)
K  :::U
(m)
K  ::: The commutative diagram with
exact rows
0 // U
(1)
K
m

// UK
m

// k
m

// 0
0 // U
(1)
K
// UK // k // 0;
implies 0 ! U
(1)
K =U
(1)m
K ! UK=Um
K ! k=km ! 0. From Hensel’s lemma we get that
the group U
(1)
K =U
(1)m
K is trivial. Finally, UK=Um
K  = k=km and it follows from (4) that
the group K=Km is ﬁnite.
We summarize the properties of local the Artin map : K ! Gal(Kab=K) for general
local ﬁeld, which will be needed in the sequel.
Theorem 1 ([1, 2, 4]). Let K be a general local ﬁeld, Kab be the maximal abelian extension
of K. Then there is a homomorphism : K ! Gal(Kab=K) with the following properties:
a) for any prime element  of K and any ﬁnite unramiﬁed extension L of K one has
()jL = FrobL=K;
b) for any ﬁnite abelian extension L K, NL=K(L) contained in the kernel of the map
a ! (a)jL and  induces an isomorphism L=K : K=NL=K ! Gal(L=K);
c) a subgroup N of K is of the form NL=K(L) for some ﬁnite abelian extension L of K,
([L : K];char(k)) = 1, if and only if it is of ﬁnite index and open.
The homomorphism  in Theorem 1 is called the local Artin map. The next lemma is
an auxiliary lemma to establish the connection between Hilbert’s symbol and the local Artin
map.
Lemma 2 ([4]). Let G be a ﬁnite group, B be a G-module and f : G ! B a 1-cocycle,
f 2 H1(G;B) its cohomology class, g 2 b H 2(G;Z), f(s) 2 B such that Nf(s) = 0. Then
for every g 2 G, gf = f(s)0 2 b H 1(G;B), where f(s)0 is the canonical image of an element
f(s) 2 B in b H 1(G;B).
A ﬁeld extension L=K is of exponent m, if it is Galois and its Galois group is of
exponent m (gm = e for every g 2 Gal(L=K)). The next theorem will be used in the case,
where the ﬁeld K is a general local ﬁeld.
Theorem 2 ([5]). Let K be any ﬁeld and m an integer, (m;charK) = 1, and assume that
all the mth roots of unity are in K. Let B be a subgroup of K such that Km  B,
KB = K(B1=m). Then KB is a Kummer extension (abelian extension of exponent m) and
we deﬁne the bilinear map
(;): Gal(KB=K)  B ! m;(g;a) =
g

; where 
m = a; g 2 Gal(KB=K); a 2 B:
The left kernel of this pairing is 1 and the right kernel is Km, and the extension KB=K is
ﬁnite if and only if [B : Km] is ﬁnite. In that case, B=Km  = Hom(Gal(KB=K);m).ON THE KOLYVAGIN FORMULA 19
There exists the so-called inv-isomorphism of local class theory for general local ﬁelds
([1, 4]) inv: H2(G;K
s) ! Q=Z; inv: H2(G;m)  = H2(G;K

)m ! Z=mZ, where K
s is the
separable closure of K. The image of an element  2 H2(G;K
s) under the map inv is called
the invariant of .
As in the case of a local ground ﬁeld, the Hilbert symbol satisﬁes the equality (b)(a1=m) =
(a;b)a1=m.
Theorem 3. Let K be a general local ﬁeld. Then (b)(a1=m) = (a;b)a1=m.
Proof. We follow the method used by M. Papikian ([3]) for the local ﬁeld case. Let L=K be
a maximal abelian m-extension with group G, a 2 K. By Lemma 1, K=Km is a ﬁnite
group. Then G is ﬁnite, hence G  = K=Km. Let a 2 K. Then using Theorem 2, deﬁne
 2 Hom(G;m) by
(g) =
g(a1=m)
a1=m : (5)
The formula (b)(a1=m) = (a;b)a1=m, using (5) at g = (b), can be written in the form
(a;b) = ((b)). Let  2 Hom(G;Q=Z),  2 b H0(G;L) be the image of element  2 K,
 2 H2(G;Z) be the image of character  under the coboundary map : H1(G;Q=Z) !
H2(G;Z). The [-product  2 H2(G;L) and ((b)) = inv() ([4]). Therefore it suﬃces
to prove ((b)) = inv().
Consider the isomorphism 
 1
L=K : G ! K=NL=K(L). Then by deﬁnition 
 1
L=K, (b) 
uL=K =  2 b H0(G;L) and  = (b)uL=K . Using the associativity of [-products, we
obtain  = uL=K ((b)) = uL=K ((b)), where (b) 2 b H 1(G;Q=Z). The group
b H 1(G;Q=Z) identiﬁes with the group Z=nZ, under the condition that [L : K] = n, and the
group b H 2(G;Z) identiﬁes with G under the condition that equality is (b)   = ((b))
(Lemma 2).
Consider : b H 1(G;Q=Z) ! b H0(G;Z) = Z=nZ. Let (b)   = r=n, where r 2 Z. Then
(r=n) 2 b H0(G;Z), and (r=n) = r,
inv(  ) = inv(uL=K  ((b)  )) = inv(uL=K  ((b)  )) = inv(uL=K  r) = r=n = ((b));
where uL=K is the fundamental class of H2(G;L).
From now on, the ﬁeld K is a pseudolocal ﬁeld (a complete discretely valued ﬁeld with
a pseudoﬁnite residue ﬁeld k).
Let E be an elliptic curve with good reduction over a pseudolocal ﬁeld K, Em(K) is
the group of m-torsion. For all 0  i  2 the groups Hi(GK;Em(K)) are ﬁnite. There are
alternating, nondegenerate pairings Hi(GK;Em(K))H2 i(GK;Em(K))  ! Z=mZ, induced
by the [-product, Weil pairing and the invariant map of the class ﬁeld theory. These pairing
induce the nondegenerate pairing h;i: E(K)=mE(K)  H1(GK;E(K))m  ! Z=mZ ([6]),
which is called the Tate pairing.
Let b 2 K, b 2 Hom(G;m), b(g) = g(b1=m)=b1=m: Fix a generator element  of
K=Km, which can be identiﬁed with the primitive mth root of 1, and choose  as follows
 =
(1=m)
1=m : (6)20 V. I. NESTERUK
Consider the homomorphisms a;b: G ! Z=mZ, such that a(g) = a(g), b(g) = b(g).
Deﬁne an element of in H2(G;m) by the bilinear form Ba;b(g1;g2) = a(g1)a(g2). Then the Hi-
lbert symbol becomes (a;b) = invBa;b. As in [3], we associate to elements c1 2 E(K)=mE(K)
and c2 2 H1(G;E(K))m the homomorphisms '1: m ! Em(K), and '2: m ! Em(K), by
using E(K)=mE(K) ' Hom(m;Em(K)) and H1(G;E(K))m ' Hom(m;Em(K)).
Finally, following the method, used by M. Papikian in the case of a local ground ﬁeld K
([3]), we show that Kolyvagin’s formula holds for elliptic curves with good reductions over
pseudolocal ﬁelds.
Theorem 4. Let  be the primitive root of 1 in K that is chosen in a proper way (6) and
'1() = e1, '2() = e2 2 Em(K). Then hc1;c2i = fe1;e2g, where fe1;e2g is the Weil pairing
on Em(K), and hc1;c2i is the Tate pairing.
Proof. Again we follow the argument from [3]. Consider the maps '1: K=Km ! Em(K)
and '2: K=Km ! Em(K) that satisfy the following properties '1() = e1; '1() = 0;
'2() = 0; '2() = e2. The [-product '1 [ '2 2 H2(G;m), used to evalute the Tate
pairing is described by the bilinear form B1 : K=Km  K=Km ! m, where B1(a;b) =
f'1(a);'2(b)g and B1(;) = 1; B1(;) = fe1;e2g; B1(;) = 1; B1(;) = 1.
We have
(;) =
()1=m
1=m =
(1=m)
1=m = ; (;) = 
 1; (;) = 1; (;) = 1:
Therefore B;(;) = ()() = ()() = (;)() = 1() = 1, B;(;) =  1;
B;(;) = 1; B;(;) = 1: Let fe1;e2g = x. The bilinear forms B1 and B; are related
B1 = B
 x
;, as invB1 = ( x)invB;. For invB1 = ( x)invB; ﬁnd invB; = (;) =  1.
Then ( x)invB; = (invB;) x = ( 1) x = x.
Thus, invB1 = x, since fe1;e2g = invB1. Therefore, invB1 is the value of the Tate
pairing, so <c1;c2> = fe1;e2g and the proof of Theorem 4 is ﬁnished.
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